WEIGHTED NORMS INEQUALITIES FOR A MAXIMAL 
OPERATOR IN SOME SUBSPACE OF AMALGAMS. 

JUSTIN FEUTO, IBRAHIM FOFANA, AND KONIN KOUA 

Abstract. We give weighted norm inequalities for the maximal fractional opera- 
tor M. q ,p of Hardy-Littlewood and the fractional integral I 1 . These inequalities are 
established between (L q , L p ) a (X, d, /i) spaces (which are super spaces of Lebesgue 
spaces L a (X,d, fi), and subspaces of amalgams (L q , L P )(X, d, /i)) and in the set- 
ting of space of homogeneous type (X,d,ii). The conditions on the weights are 
stated in terms of Orlicz norm. 

Resume. Nous donnons des inegalites a poids pour l'operateur maximal frac- 
tionnaire M. q ,p de Hardy-Littlewood et de l'integrale fractionnaire I 1 . Ces inegalites 
sont etablies entre des espaces (L q , L p ) a (X,d, [i) (qui sont des sur-espaces des 
espaces de Lebesgue L a (X,d,fj.) et des sous-espaces des espaces d'amalgames 
(I/ 9 , L P )(X, d, fi)) et dans le contexte des espaces de type homogenes. Les con- 
ditions imposees aux poids sont exprimees en terme de norme d'Orlicz. 



1. Introduction 

Consider the fractional maximal operator m q p (1 < q < (3 < oo) defined on W 1 

by 

(1) ™ q ,pf(x)= sup \Q\*-$ \\f X Q\\ q 

Q&Q-.x&Q 

where Q is the set of all cubes Q of M n with edges parallel to the coordinate axes, 
\E\ stands for the Lebesgue measure of the subset E of R n and ||-|| denotes the 
usual norm on the Lebesgue space L q {R n , dx). Weighted norm inequalities for m i)( g 
have been extensively studied in the setting of Lebesgue, weak-Lebesgue and Morrey 
spaces (see [22] , [5] , [23] and the references therein). The following result is contained 
in [22]. 

Theorem 1.1. Assume that 1 < q < (3 < oo, | = - — ^ and v is a weight function 
satisfying 

(2) sup IQI^ 1 \\v XQ \\ t Wv^Xq L < oo. + - = 1) 
QeQ H Q Q 



Key words and phrases. Fractional maximal operator, fractional integral, space of homogeneous 
type. 
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Then there exists a constant C such that for any measurable function f 



(3) 

The spaces [L q 
follows: 

• /; 



vivYdy) < C7A~ l ||/v|| fl A>0. 

{xeM, n :m li0 f(x)>\} J 

) a (R n ) (l<q<a<p< oo) have been defined in |i- as 



,. - n [k jr , (kj + 1) r[ , k — {h) 1<i<n e Z" 
j'=i 

n 

i/jj, IT J g ; 2<j "I - 2 [ ' i) l<i<n £ ^ > 

a Lebesgue measurable function / belongs to (L q , 



r > 
\ r > 



if 



q,p,a 



< oo, where 



(4) 
and 

(5) 



q.p.a 



sup r 

r>0 



l 1 

9 



n(i- 

V rv 



.fcez 
sup 



if 
if 



p < OO 



OO 



The (L q , £ p ) a (R n ) have been introduced in connection with Fourier multiplier prob- 
lems. But they are also linked to L q — L p multiplier problems. We refer the readers 
to [18] where space of Radon measures containing (L 1 , £ p ) a (M. n ) are considered. 

Notice that these spaces are subspaces of amalgams spaces introduced by Wiener 
and study by may authors (see the survey paper [15] of Fournier and Stewart and 
the references therein). 

It has been proved in [TT] that given 1 < q < a < oo, {(L q , £ p ) a {R n )} p>a is a mono- 
tone increasing family of Banach spaces, (L q ,£ a ) a (W n ) = L 
is clearly the classical Morrey space denoted by L q,n ( 1 ~a) 
q < a < p then the weak-L°(IR n ) space is embeded in (L q , £ p ) a (W n ) . Due to this 
remarkable link between the spaces (L q , £ p ) a (M. n ) and the Lebesgues ones, it is tempt- 
ing to look for an extension of Theorem 11.11 to the setting of (L q ,£ p ) a (M. n ) space. 
The following result is contained in 



i 

P 



n ) and (L q ,£°°) a (R n ) 
) in [51. Moreover if 



Theorem 1.2. Assume that: 

• l<q<a<p and < - = - 

• q < qi < ai < pi andQ<\ = ^-\<^, 

• v is a weight function satisfying 



(6) 



sup|Q|^ J 

Q&Q 



\ v XQ\\t\\ v XQ 

I \ q qi ' 



< OO. 
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Then there exists a real constant C > such that 

(7) ( f , v(yYdy) ' < C7A- 1 ||MU, ai (A- 1 ||/|| fff00ta )' fe "^ 

for any real A > and Lebesgue-measurable function f onM. n . 

It turns out that the (L q , £ p ) a (W 1 ) setting is particularly adapted for the search 
of controls on Lebesgue norm of fractional maximal functions vn q ^f. Actually we 
have the following result which first part is a consequence of Theorem 11.21 

Theorem 1.3. (see Assume that 1 < q < a < (3, and ^ = ^ — \. 

(a) If a < p and 1 — 4 < - then there is a real constant C such that for all 
Lebesgue measurable function f on M. n , 

(8) HnWIIIoo = A \{x G R» : m q ^f(x) > X}\^ < C ||/|| . 

A>0 

(b) Ifl<u<s<v then there is a real constant C such that for any Lebesgue 
measurable function f on M n , 

(9) \\f\\ q , P , a <C ||m^/|| w . 

From inequality (Q and the imbedding of the weak-L s (IR n ) space into (L u ,£ v ) s (W a ) 
for u < s < v, it follows that / has its fractional maximal function va q ^f in a weak 
Lebesgue space only if itself belongs to some (L q , £ p ) a (M n ). 

Let X = (X, d, n) be a space of homogeneous type which is separable and satisfies 
a reversed doubling condition (see fll9p in section 2 for definition). 

For 1 < q < (3 < oo we set, for any ^/-measurable function / on X, 

(10) M q ,pf(x)=Bixpfi(B)^\\f X B\\ q xeX, 

B 

where the supremum is taken over all balls B in X containing x and ||-|| denotes 
the norm on the Lebesgue space L q = L q (X, d, /i). As we can see, M. q ^ is clearly 
a generalization of vci q ^. In the last decades, much work has been dedicated to 
obtain Morrey and Lebesgue norm inequalities for M. q $ and other operator of 
fractional maximal type on spaces of homogeneous type. We refer the reader to 
0,11], [E], j2U, [25], [27], [29] and the references therein. 

As in the euclidean case, Lebesgue and Morrey spaces on homogeneous type spaces 
may be viewed as the end of a chain of Banach function spaces (L q , L p ) a (X) defined 
as follows: a /i-measurable function / represents an element of (L q , L p ) a (X) if 

(11) ll/ll 9JV , = SUP r \\f\\ g , p , a < OO 
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where 



(12) 



sup essfi(B( y r ))° 



fx. 



(y,r) 



fXi 



(y,r) 



dfi(y) 



if p < oo 
if p 



■DC 



which main properties 



The (L<?,i7) Q pO are generalizations of the {L\P) a (i 
extend to them (see [TU]). 

In this paper we are interested in continuity properties of M. q ,p and the fractional 
integral operator J 7 (as defined by relation (IT5|) ) involving the spaces (L q ,L p ) a (X) 
and weights fulfilling condition of ^4oo type stated in terms of Orlicz norms as in 



The main result is Theorem 12.31 which is an extension of Theorem [L2] and contains, 
as a special case, the following result. 

Theorem 1.4. Assume that 

• there is a positive non decreasing function Lp defined on ]0,oo[ and positive con- 
stants a and b such that 



(13) 



cup{r) < fi (S(x,r)) < bip(r) x G X and < 



q,a,p and (3 are elements of [1, oo] such that q < a < p and < - 



4 < i. 



i _ i 

a f3 



< 



q 13 — p 

Then there is a real constant C such that, for any fi-measurable function f on X 
we have 



(14) 



\M q ,pf\\*=sap9fi({xeX:M q ,pf(x)>9})'<C 



q,p,a 



Remark that condition (Tl3|) is satisfied in the following cases: 

• X is an Ahlfors n regular metric space, i. e. there is a positive integer n 
and a positive constant C which is independent of the main parameters such that 
C-V n < /U (B {x , r) ) < Cr n , 

• X is a Lie group with polynomial growth equipped with a left Haar measure [i 
and the Carnot-Caratheodory metric d associated with a Hormander system of left 
invariant vector fields (see [16j,[21j and [28]). 

Let us assume the hypotheses of Theorem 11.41 and that q < a < p. Theorem 
2.12 of [10] assert that weak-L a (X) is strictly included in (L q , L p ) a (X). So, we may 
find an element fo in (L q ,L p ) a (X) which is not in weak-L a (X) space. Considering 
this element, Theorem 11.41 asserts that Aiq^fo belongs to the weak-L s space, while 
Theorem 2-7 of [24] gives no control on it. This remark shows that, even if A4 qj p 
is a particular case of the maximal operator M.^ under consideration in Theorem 
2-7 of [21] , the range of application of this last theorem is different from that of our 
Theorem [O 
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It is worth noting that M. q ,p satisfies a norm inequality similar to (Q (see Theo- 
rem [23]). This implies that if the maximal function M. q ,pf belongs to some weak- 
Lebesgue space, then / is in some (L q , L p ) a (X). 

Let us consider the following fractional operator 7 7 (0 < 7 < 1) defined by 

(15) Lf(x) - f f{y)My) 



x fj,(B(x,d(x,y))) 



1-7' 



This operator is clearly an extension of the classical Riesz potential operator in M n . 
As in the euclidean controlled in norm by A4i,p where (3 — - (see Theorem 

13. ip . Thus from the weight norm inequality on stated in Theorem 12.31 we may 
deduce a similar one on 7 7 . 

The remaining of the paper is organised as follows: section 2 is devoted to con- 
tinuity properties of M. q ,p and contains also background elements on homogeneous 
spaces, Young functions and (L q , L p ) a (X) spaces. In section 3 we extend the results 
on M.q$ to I j. Throughout the paper, we will denote by C a positive constant which 
is independent of the main parameters, but it may vary from line to line. Constant 
with subscripts, such as C M do not change in different occurences. 

2. Continuity of the fractional maximal operators M qt p 

Let X = (X, d, fj) be a space of homogeneous type: (X, d) is a quasi-metric space 
endowed with a non negative Borel measure \i satisfying the following doubling 
condition 

(16) fj, (S( x ,2r)) < C/jl (B( x>r )) < 00, x E X and r > 

where Bi xr \ = {y e X : d(x, y) < r} is the ball of center x and radius r in X. If B 
is an arbitrary ball, then we denote by xb its center and r(B) its radius, and for 
any real number 5 > 0, 5B denotes the ball centered at xb with radius Sr(B). 
Since d is a quasimetric, there exists a constant k > 1 such that 

(17) d(x, z) < k (d(x, y) + d(y, z)) , x,y,zeX. 

If C M is the smallest constant for which ffTBT) holds, then = log 2 is called 
the doubling order of fi. It is known ([1] or [29]) that for all balls B 2 C Bi of (X, d) 

(18) urn £ c » i^j 

A quasimetric 5 on X is said to be equivalent to d if there exist constants C\ > 
and C 2 > such that 

C x d(x, y) < 8(x, y) < C 2 d(x, y), x,y E X. 

We observe that topologies defined by equivalent quasi- metrics on X are equivalent. 
It is shown in [20] , that there is a quasi-metric 8 equivalent to d for which balls are 
open sets. 
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In the sequel we assume that X = (X, d, p) is a fixed space of homogeneous type 
and 

• all balls -B( x . jr ) = {y E X : d (x,y) < r} are open subsets of X endowed with the 
d-topology and (X, d) is separable, 

• p(X) = oo 

• = 0, x e x, 

• ^(x,R) \ -B(x,r) 7^0) < r < R < oo, and x G X, so that as proved in [30], there 
exist two constants > and 5^ > such that 

(19) 4t!4 > f 4^41 ' for all balls 5 2 C B l of X. 

We will now recall the concepts necessary to express the conditions we impose on 
our weights. 

Definition 2.1. Let $ be a non negative function on [0, 00) 

a) $ is a Young function if it is continuous, non decreasing, convex and satisfies 
the conditions 

$(0) = and lim $(x) = 00. 

x— >oo 

b) Assume that $ is a Young function: 

(i) it is doubling if there is a constant C > such that 

$ (2t) < C$ (t) /or allt>0, 

(ii) it satisfies the B p condition (1 < p < 00) if there is a number a > 

$(t) dt 

< 00, 



(iii) its conjugate $* ; zs defined by 

(20) = sup {tu - : t e R+} , 

(iv) for any ^-measurable function f on X 



(21) 



\<S>,B 

/or any 6a// B in X , and 



inf{a>0:^y^$(a- 1 |/|)a' / i<l 



(22) M&f(x)= sup ||jn $>B . 

6aZZ B^x 

It is proved in Theorem 5.1 of [25j that a doubling Young function $ belongs to 
the class B p with 1 < p < 00 if and only if there exists a constant C > such that 

(23) I (M$f(x)) p dfi(x)<C [ f{xfdp{x) 

Jx Jx 

for all nonnegative /. We also have the local version of generalized Holder inequality 
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(24) -^ f \fg\ dn< H/ll 

which is valid for all measurable functions / and g, and for all ball B. For more 
information about Young function, see |26| . 

We will need the following covering lemma stated and proved in |3]. 

Lemma 2.2. Let $ be a family of balls with bounded radii. Then, there exists 
a countable subfamily of disjoint balls {B( x ^ r ^,i £ J} such that each ball in $ is 
contained in one of the balls Br x . >3K 2 r A, for some i £ J. 

We are now ready to state and prove our main result. 

Theorem 2.3. Let q, a,p, q\, ati,pifl be elements o/[l,oo] such that 

111 

I < q < a < p with < — = -, 

a p s 

and 

1111 

q < Qi < cut < Pi < oo with < -7: = - < — • 

qi p t p x 

Let (w, v) be a pair of weights for which there exists a constant A such that 

(25) ^(B^WwxbIWv^WI^A 

for all balls B in (X,d), where $ is a doubling Young function whose conjugate 
function <E>* satisfies the Bqi condition. Then there is a constant C such that for all 

/i-measurable function f , and 9 > 0, we have 



i i 

-I II r „ll \ I o-t II -I'll \ Q i 



(26) (J^ w t (x)d^(x)j <C9- 1 \\fv\\ qi 

and if we assume that fi satisfies condition (T73)), then 

(27) Qf w^d^ 4 < c (V 1 \\fv\\ qupuai ) 

where Tl e = {x £ X : M q ,pf(x) > 9} . 

Proof. Inequality (1261) is immediate from Theorem 2.7 of [24J. We just have to prove 
inequality (J2"T|) . 

Let / be an element of (L q , L p ) a (X). Fix 9 > 0. For x in ILj, there exists r x such 
that 



(3 q 



fXi 



(28) /x {B {Xjrx) ) 
and therefore 

(29) /*(^r.)< (^11/11^) 



> 9 

i 
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Fix a ball B^ Xo ,r) in X and set U$ — Hq n B( XOt Ry For any x in 11^ we have 
B(x ,r) C Bf x>r ^ provided r x > 2kR. It follows from the reverse doubling property 
and d2SD that 

R8n / \ s 

' ' ' II II g,oo,a 



(30) 



" V(B( Xo ,R)) 

So we obtain that for any x in lif 



(31) 



r£" < max < 2kR, C~ l 



M ^ {B( Xo> R)) 



q,ca,a 



< OO. 



Thus by Lemma [2.21 the family T = \B( X) r x ) : x G il^} has a countable subfamily 
{Bi : i G J} of disjoint balls such that each element B of T is contained in some 
3k 2 Bi. 

Let z be an element of J. By (I28j) and the generalized Holder inequality we have 

\^{Bi)J Bi l 

< CuiBtfM*. (fv X B t ) q (y) H^XB,!!.^ 



for any y m Bi. So we obtain 

(32) 9 q fi(Bi) < Cn(Bi)% j M^(fv X B i ny)d f i(y)\\v^ X B i \\^ K2Bi . 

J Bi 

Applying Holder inequality and (|23|) we get 



{M^ {fv X Bd q {y)}^d^y) 



\ v g XB i \\$ 3K 2 B 



< CvlW-i WfvxB^l Wv-'xb^I^; 

that is 

(33) l<C7rV(Bi)-T||/«Xfl 
As C U ieJ 3K 2 Bi and ^ < 1, we have 



"?l 



u X.BiWqyn^B. 



1 

Pi 



I pi 
It 



V 'XBiHi^B, \\WX3^B t \ 



91 



Pi 



I'l 
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(34) 



1 

PI 



I PI 



Let n be a positive integer and set 

• J n = {ieJ:±<r(Bi)} 

• m n and k the integers satisfying respectively 



(35) 



1 



< P 



."In +2 



and p 



fe+i 



k+2 



where r = sup {r(£>j), i <E 1} and p = 8 



re . 



It is proved in [27] that there are points x| and Borel sets E*, 1 < j < N k , k > m n 
(where N k e N U {oo}), such that 

(i) B^m ^ C £j C #(^+1), 1 < j < N k , k>m n 

(ii) X = UjE^ k>m n and E) n = if z ^ j 
(hi) given z, j, k, £ with m ra < k < £, then either j 

Let i be an element of I n . Denote by fcj the integer satisfying 
(36) 



P 



ki+i 



< 



r(Bi) 



2k 



< P' 



ki+2 



and set U = {j : 1 < j < N k ., Ef n B t ^ 0}. 

We know that the number of elements of Lj is less than a constant depend- 
ing only on the structure constants (k, C m , -D m , C m , 5 m ) (see inequality (43) of [TO]). 
Denoting by an element of satisfying 



(37) 



f v XB t nEl 



max 



f v XB t rtE* 



we have 



(38) 



\\fv XBi \L <m- 1 



"/l 



fvXBinE!? 
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Hence 



i 

pi 



i pi 



< 



or' £ 



01 



-1 



i€ Jn 



pi \ pi 



E E 



•It 



Pi 



91 



i 

Pi 



01 



-i 



i 

pi 



E " E * "' 



i i 

81 



B*n(U 16 j B Bi) 



91 



<k\ 9i 



Notice that for any 1 < £ < N%, we have 



< by? 



2 k 



< b sup 

ieJ 



(^) 



< 



b sup cT V I — -^i 1 < bcT 1 (V 1 



Therefore, 
(39) 

En/™ 



1 
PI 



IP1 



< c 



_2 1_ 

,-ifc \ a l 81 



fvx 



E k 

n 



pi 



pi 



v?l 



Since the last formula does not depend on n, we get from (1511) and (1551 
(40) 



E " 



_L 1_ 

?k \ Q i 9i 



J, 



9i 



Pi 



r 1 



<7,oo,q 



_L 1_ 

v«l "1, 



We recall that Proposition 4.1 of [10] asserts that there are positive constants C\ 
and C 2 not depending on r and /u such that 



(41) C lr ||/t;| 



9l,Pl,"l 



< 



E MB. 



_L 1_ 

7lk \ Q l 91 



f v X E * 



91 



PI 



<C 2 r||.H 



9i>Pi>ai 
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So we have 



»'Kus < ce-\\\fv\\ gupitai 
< ce-i \\M\ m (V 1 

As (xq, R) is arbitrary in X x ]0, oof, we obtain 



-i 



1 l_ 

11 «l 



_l l_ 

v 91 a l 



(42) 
□ 



-1 



q,oo,a 



_L 1_ 

91 t»l 



In the proof of the above theorem, the condition q < q\ is needed only when we 
have to use the Bn characterization. When w — v — 1 this characterization is not 

9 

needed. So Theorem 11.41 follows immediately from Theorem 12.31 
The next theorem is some kind of reverse for Theorerr J1.4l 

Theorem 2.4. Let q, a,u and v be elements of [1, oo] such that 

111, 

q < a, < — = - ana u < s < v. 

a p s 

Then there is a constant D such that for any fi-measurable function f 



(43) 



.,„,« < D \\M q>p f\\ 



Proof. Let / be such that s < oo. We notice that under the hypothesis, 

we have q < a < s < v and a < f3. 

l rst case: q = oo. Then a = (3 = s = v = oo and therefore, it follows from the 
definitions that 

s HIMx.oo/IL <c IIMWILx,oc • 



2 nd case: q < oo. 
(a) If u = oo, then s = v = oo, a = [3 and therefore, 



g,oo,a 



SUp SUp eSS jJL (S(a; ir .)) a 



l 1 
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r>0 x£X 



fXi 



supsupess n(B (Xtr) )e « = ll- A/ W|| 0O = HA'V/H 

r>0 i6X l • :c ' r, « 



(b) Suppose that u < oo, and consider two positive reals numbers r and r l 

r 

satisfying r 1 = — . For any y G X and x G -B(y, n ); we have -B( y ,n) C -B(a;,r) 
and therefore, by the doubling condition 



(44) 



'(s.l) 
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□ 
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From this, it follows that for any y G X, we have 



M q ,pfXB (yiri) 

and therefore, 



fXi 



(y, r i) 



(46) /z (B {y , ri) ) 



S V u 



fx. 



This yields immediately the desired inequality 



3. Continuity of the fractional integral I a f 

It is known in the euclidean case that the fractional integral I 7 f is controlled in 
norm by the fractional maximal function 1% if (seeTheorem 1 of [22J ). We give the 

analogous of this control in the setting of spaces of homogeneous type. 

Theorem 3.1. Let < q < oo, < 7 < 1 and a weight w in Aoq. There is a 
constant C such that for any ^-measurable function f 

supa 9 / w(x)dfj,(x) < Csupa 9 / w(x)dfi(x), 

a>0 JE a a>0 J F a 

where E a = {x G X : |J 7 /(a;)| > a} and F a = |x G X : M. x if(x) > a| . 



Proof. In our argumentation, we shall adapt the proof of Theorem 1 of [22] , keeping 
in mind that we do not have a Withney decomposition avalaible. 

1) Let / be a //-measurable, non negative, bounded function, with a support 
included in a ball B = Bt xo k )- According to Lemma 6 of [29], there exists 



a constant Co > not depending on /, such that 

I 7 f < M (I 7 f) < C / 7 /, 
where M. = Aii t00 . Let 9 be a positive number and set 
E e = {x G X : M(I y f)(x) > 9} and E = {x G X : I y f(x) > 9} . 

The set Eg is included in Eg which is opened and satisfy /i ^6»j < 00. 

According to Lemma 8 of [29], there exists a countable family [B^ Xur .y, i G J} 
of pairwise disjoint balls and two positive constants M and c depending only 
on the structure constants of A, such that 



(47) 



Eg — Ui e jS(a; i)Crj ), 

Exfl (aiia(tori) <m X e 9 , 



B ixiM 2 cn) n ( X \ E e ) ^ for alH G J. 
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Let us consider an element (a, e) of ]1, oo[x]0, 1], and set Fg >e = |x G X : Jvi 1 xf{x) > 9e\, 

Ji= {iE J : £ (a .. )Cr .) C F 6:£ } and J 2 = I\Ji = {i E J : B {Xi)CTi) \ Fg i£ ^ 0} . 

Arguing as in the proof of Lemma 1 of [22J, we obtain two constants 
K > and B > 1 depending only on the structure constants of X, such that 
if a > B and i 6 J 2 then 



(4* 



p ({x E B( XitCr .) : / 7 /(z) > a6>}) < Kfi {B {xucn) ) 



e\ — 
a) 



Since 



-Efln, E Ea E Ea 



UB 



(xi,CTi) ) 



(49) 



(50) 



(51) 
(52) 



U 



u (4nB M )) 



c Fe i£ u[u ie j 2 (E ea \F 9e ) n £ (a ,. )Cr .)] 



we have 

u (£ ea n B {XitCn) ) 

and therefore 

w(x)dfi(x) < / w{x)dp,{x) + / w(x)dfj l (x). 

Now fix«>5 and p > 0. Since u> is in ^4oo, there exists 5 > such that 
for any ball B in X and any subset E of S satisfying /i (-E 1 ) < Sfi(B), we 
have 

/ w{x)dp,{x) < p w{x)dp,(x). 

J E J B 

Choose e G ]0, 1] such that K {^)~ < 5 and take < e < min (e, ^xj, 
where L = C M (2k + 4/t 2 ) 1 7 . According to ( 1481) we have for any z G J2, 

^ {B^cn) n i? 0a ) < (S( XiiCri )) 

and therefore 



w{x)dji (x) < p 



riE ea 



w(x)n (x) . 



From this inequality, ( 149]) and ( |47l) we obtain 



(53) / w(x)dp,(x) < I w{x)dji{x) + pM / w(x)dp(x). 

J Eg a J Fg £ J Eg 

Let x G X\3k5q. Assume that < t < \ mf ye B d(x, y) and Ut G Bq satisfies 

(54) d(x, u t )-t< d(x, y), y G fi - 
We have 

(55) 2r(B ) < d{x, y) < k [d{x, u t ) + 2 K r{B )\ , y E B 
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and therefore 

ijf(?) < [ , n fiv) ,i-, Mv) < — — - — [ f(yW(y) 

J Bo U ( -D(<r Ai-r iA\ I U ( JJf-r dtv.niA— *t ) J B{x,K(d{x,u t ) + 2nr(B ))) 



K(d(x,u t ) + 2 K r(B )) 



7 7 



Hence, 

(56) EbCEjlC (Ej_ n 3^) UF e ^_ 

We obtain from fl53|) 

w(x)dp(x) < / w(x)dp(x) + pM / w(x)dp(x) + pM / w(x)dp,(x) 

JF 6te JE n3KB Jf 1 

Co" 



That is 

(0a) 9 



< (1 + pM) / w(x)d/J,(x) + pM / w{x)dp(x). 

J F e e J E e C\3k,B 



/ w(x)dn(x) < {1 + pM) (-Y {6e) q [ w{x)dp{x) 

JE 9a ,/F e , e 

+ pM f-^ (Coa) 9 / w{x)dp J {x). 

^0 

Let Af be a positive integer. From the preceeding inequality we obtain 
sup s q j w(x)dp(x) < (1 + pM) (— J sup s 9 / w{x)dp{x) 

0<s<N Je s 0<s<JVf JF s ,i 

+ pM (C a) q sup s 9 / w(x)dp(x). 

0< S <_£L JE s C\3kB 

aC 

As 

sup s q / w(x)dp(x) < sup s 9 / w(x)dp(x) < 00, 

0< S <_£L JE s r\3K,B 0<s<N J E s n3nB 

aC 

by taking p = 2 M(c Q a)i m ^ ne ^ as ^ inequality, we get 

,57) i SUP s . / < (1 + ^) n° SUP , / Ax)Mx) 

^0<s<N Je s V ^{^oO-r J V£/ 0<s<Aff JF s ,i 

The desired inequality follows by letting A" goes to infinity. 
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2) Let / be an arbitrary /^-measurable function /. For any positive integer k, 
set f k = fxE k with E k = {x e B (xo>k ) : |/(x)| < k) . By part 1) of the proof, 
for any k > 0, we have 

(58) 

- sup s q / w(x)d(i(x) < ( 1 + J (-) sup 

^0<s<7V J{x£X:I^f k (x)>s} \ A^OOP/ 0<s<Vf 

So letting goes to infinity we obtain the result. 



□ 

Remark 3.2. Assume that 

• fi satisfies condition Iil3\) . 

• q, 6, p, p x , q x , 9 X , 7 are elements of [0, oo] such that 

(59) 1 < q < 6 < p with < - - 7 = - 

s 

and 

,111 

(60) q < qi < 6i < p x < oo with < 7 = - < — , 

qi t pi 

• $ is a doubling Young function whose conjugate function $* satisfies the Bn 
condition, 

• v and w are two weights for which there exists a constant A such that 

li (B)-? \\wx B \\ t \\ v ~ q \\i, B ^ A > B baU 

and w l satisfies Aoo condition. 

Then, there is a constant C such that for any ^-measurable functions f and a > 0, 
we have : 



w t (x)d f i(t)\ <c(a- 1 ||M| 9i?3iiei ) (a- 1 

E a / 

where E a = {x G X / |/ 7 /(x)| > a}. 



91 H ) 



Proof. Let / be a /x-measurable function. From Theorem 12.31 it follows that there 
exists a constant C such that 

i i 
supa 1+s ( 9 i 5 i) | / w t (x)dfi(x)\ < Csupa 1+S ( 9 i 5 i) ( I w t (x)d/j J (x)j , 

a>0 \JEa J a >0 \JF a J 

with F a = |x G X : M Xj ±.f(x) > aj. 

Since .Mi^ < A^ 9i/ g for q > 1, the result follows from Theorem 12.31 □ 

AknowledgmentWe would like to tank S. Grellier for supplying us with docu- 
ments. We are indebted to the refree for his valuable comments, and particularly 
for suggesting us not to impose normality condition on the underlying homogeneous 
space. 
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